In this work, we follow several stages of quasi-stationary evolution of a massive and rapidly rotating protoneutron star (PNS) with hyperon content. We use a density dependent (DD) relativistic mean field theory (RMF) model and calculate different quantities such as mass, equatorial radius, moment of inertia, quadrupole moment etc. to get different rotating configurations. We study the effect of the appearance of the lightest of all hyperons, Λ, on the evolutionary stages of the PNS.
I. INTRODUCTION
When a massive star (M > ∼ 8M solar ) reaches the end of its life, its core collapses which leads to a supernova explosion leaving a dense compact remnant at the center. It is called a protoneutron star (PNS). Initially, the PNS is very hot, lepton-rich and rapidly rotating. It deleptonizes releasing the trapped neutrinos. In the process, the neutrinos heat up the PNS while decreasing the net lepton fraction. After that, the PNS enters a steady cooling phase and becomes a cold, catalyzed neutron star (NS) [1, 2] . There have been many detailed studies on the global properties of the PNS with different microphysical inputs [3, 4] . From one of the most comprehensive and systematic studies by Prakash et al., the PNS is believed to have four prominent stages of evolution as it ends up as a cold catalyzed object [2] . These are governed strongly by the nature of matter at very high density as well as the neutrino reaction rates and diffusion timescales.
At the high density core, the Fermi energy of nucleons become sufficiently large; according to Pauli principle, the formation of hyperon becomes energetically favorable. The total energy and also the pressure of the system are lowered by sharing baryon number among several baryon species. The Λ hyperon, being the lightest among other massive baryons are eventually the first to populate the core as the nucleon chemical potential outweighs their inmedium mass [5] . The in-medium mass of hyperon is determined from experimental inputs such as the nature of the nuclear-hyperon interaction. Several studies have been done to investigate the effect of inclusion of hyperon on the structure on PNS [6, 7] . But, they used mostly older equation of state (EOS) parametrizations which are not consistent with the recent observations or the latest experimental data. Therefore, it is important to revisit the problem with more suitable microphysical inputs to find out how sensitive these results are with respect to the parameters of the theory. In this work, we will mainly focus on the dense nuclear matter containing hyperons and study its effect on global properties of massive PNS.
Keeping that in mind, we employ a realistic EOS including hyperons for this work. The EOS is constructed using a relativistic hadron field theoretical model with density dependent couplings in the mean field approximation. Specifically, we use the DD2 parameter set for the couplings [8, 9] . It satisfies the constraints on nuclear symmetry energy and its slope parameter as well as the incompressibility from the nuclear physics experiments [10] . On top of that, the astrophysical observations also give us important clues about the EOS of dense matter. The recent detection of gravitational wave signal from the binary neutron star merger event GW170817 provides the latest information on this regard [11] . Besides, the ∼ 2 M solar mass measurement of PSRs J1614-2230 and J0348+0432 has severely constrained the parameter space for the NS EOS [12] [13] [14] . Now, the cold NS mass from hyperonic DD2 model is 2.1 M solar . Thus, it satisfies the observational limit on the maximum mass of the NS. It is also observed that it satisfies the tidal deformability bounds found from GW170817 [15] .
Another objective of this work is to study the universal relations recently discovered among various global quantities of compact objects such as normalized moment of inertia (Ī := I/M 3 ) and spin-induced quadrupole moment (Q := QM/J 2 ), stellar compactness (C := M/R) etc. [16] [17] [18] . In the context of the PNS evolution,Ī −Q relation has been studied by Martinon et al. [19] for nucleon-only EOS. They have found that the universality is broken at the initial stages after the core bounce, but it is satisfied at later stages. Recently, Marques et al. also investigated the problem for rapidly rotating hot stars with hyperonic EOS [20] . They found that the relation does not change in the presence of hyperons but deviates for high entropy. But, theĪ vs C relations has not been studied for the PNS till now. Previously, we have studied these relations in the presence of exotic components like hyperons and antikaon condensates for cold NS [21] . In this work, we will examine those relations for PNS using the fitting factors provided by Breu and Rezzolla [18] . They studied a large set of nucleonic EOS with different stiffness and showed that universality relation holds for normalized moment of inertia.
The paper is organized in the following way. In section II, we describe the PNS evolution scenarios, followed by section III explaining the equation of state of dense matter. In section IV, we discuss the structure of rotating relativistic star. Finally, in section V, we discuss our results and conclude with a summary in section VI.
II. STAGES OF PNS EVOLUTION
We follow a well established evolutionary scenario first proposed by Prakash et al. [2] and subsequently used by others [6, 7] . It suggests that the PNS undergoes roughly four stages of evolution towards becoming a stable, cold catalyzed compact object.
1. Just after its birth, the PNS initially has trapped neutrinos and the electron fraction is Y L = 0.4. The core of the PNS has an entropy per baryon s B = 1 surrounded by a high entropy, neutrino trapped outer layer, which deleptonizes faster than the core.
2. While the outer layer is being deleptonized, the central object is still neutrino trapped with Y L = 0.4 and heats up to s B = 2.
3. After complete deleptonization, the core becomes neutrino-free and attains high en-
4. Finally, the star settles as a cold stable neutron star (NS) in beta equilibrium.
In the results section, we will denote these four stages with I to IV.
III. EQUATION OF STATE OF PNS MATTER
We follow the formalism used by Banik et al. [22] to construct the EOS relevant to our problem. In this section, we briefly discuss some of the important features of this formalism.
For the low-density part, nuclear statistical model of Hempel and Schaffner-Bielich [23] is used to treat the heavy and light nuclei as well as the interacting nucleons, including the excluded volume effects and other in-medium effects. The high density matter is described by a density dependent relativistic mean field model (DDRMF) where the interaction among baryons is mediated by σ, ω, ρ mesons. There is also an additional vector meson (φ) which accounts for the hyperon-hyperon interaction. The nucleon-meson couplings in the present model is density dependent. The functional form for this dependence and the corresponding parameter set (DD2) is taken from Typel et al. [9] . The saturation properties of the DD2 parameter set are in good agreement with the nuclear physics experiments [24] . The hyperon-vector meson couplings are calculated from the SU(6) symmetry relations [25] and hyperon-scalar meson coupling is determined from the hypernuclei data which gives the hypernuclei potential depth in the normal nuclear matter [26] .
The high dense matter made up of neutrons, protons and leptons was developed by
Hempel and Schaffner-Bielich and is denoted by HS(DD2) [23] . The high density core is expected to consist of hyperons as well. Λ, the lightest hyperons populate first, the EoS is denoted by BHBΛ. In the presence of hyperon-hyperon interaction via φ mesons, the EoS is represented by BHBΛφ. Heavier hyperons such as Σ and Ξ are not considered due to limited observational data about their interaction with nucleons or other hyperons. Our PNS models are constructed in a unified way by smoothly matching the high density and low density parts of the EOS following Banik et al. [22] .
IV. ROTATING STAR STRUCTURE
We compute the structure of rotating stars using LORENE [27] code which assumes a stationary, axisymmetric spacetime. The line element is given by,
where, N, A, B and ω are functions of (r, θ). The energy-momentum tensor for a perfect fluid is related to energy density ε, pressure P and four-velocity u µ by,
The equation for stationary motion is given by [28] ,
where, s B is the entropy per baryon, T temperature,
is the log-enthalpy,
is the Lorentz factor, U is the fluid velocity. The quantities U, ε and P are measured by locally non-rotating observer. LORENE is primarily formulated for a barotropic EOS. Still, we get a first integral of motion if we use an EOS with a fixed entropy per baryon. This enables us to use the isentropic EOS that we constructed to study the PNS stages.
The gravitational mass, angular momentum and quadrupole moment are given respectively as [29] [30] [31] ,
where,
Here, σ lnN is given by the RHS of Eq. 3.19 of [28] , E = Γ 2 (ε + P ) − P . The quantity b is defined by Eq. (3.37) of [31] . Then, the moment of inertia of the rotating star is defined as,
where Ω is the stellar spin frequency.
V. RESULTS AND DISCUSSIONS
We follow the quasi-stationary evolution of a massive PNS using DD2 EOS. Basically, we want to study how the emergence of Λ hyperons and its interaction affect the PNS stages. We will use mainly three types of EOS discussed in the previous section: i)HS(DD2), ii)BHBΛ and iii) BHBΛφ for our calculations with four different configurations (I -IV) relevant to the PNS evolution mentioned in section II.
In Here also, we follow the same line style as Fig. 1 . We find that the stiffer EOS yields higher maximum mass as expected. However, the difference in their corresponding radii is not so prominent. The maximum gravitational mass and their corresponding radii for static configuration are given in table I. We also see the hotter stars with comparatively smaller masses have larger radii than their cold counterparts.
Temperature profile as a function of baryon density is plotted in Fig. 3 for the first three stages of PNS evolution. In each case, the temperature is maximum in the central region of the stars, which falls off rapidly at low density near the surface. In individual panels of rotation. This was noted in earlier work also [19] . The Kepler limit for a cold-catalyzed star of M B = 1.8 M solar is 938Hz, while for the newly born star it is much less i.e. ∼ 687 Hz.
So initially the PNS is rotating at a lower frequency, only to reach a higher rotation rate as it contracts and cools down to a cold catalyzed β-equilibrated NS. Interestingly, as the PNS attains a higher entropy in the immediate step of evolution with s B = 2 and Y L = 0.4, it has to slow its rotation rate as this star can only withstand a mass-shedding frequency limit of ∼ 560Hz. However, it can increase its rotation rate in the later stages of evolution as is evident from Fig. 4 . The Kepler limit for all the EoS and different quasi-stationary evolution stages are given in Table II . The gravitational mass remains almost independent of EOS in all the evolutionary stages. But, we notice a EOS-dependent spread in radii of the stars. This spread is maximum for the intermediate stages, but not so explicit for initial and final stages. This is also reflected in the plots for moment of inertia and quadrupole moment vs frequency.
We tabulate the global structural properties of both nonrotating and maximally rotating PNS for a fixed baryonic mass M B = 1.8 M solar in Table II This behavior is observed for both nonrotating and Keplerian cases and also for all EOS.
The values of masses and radii in the table corroborate to the results of Fig. 4 . The angular momentum changes the same way as the Kepler frequency, already discussed in connection with Fig. 4 . Finally, we also see the value of the quantity T /|W | steadily increasing from 0.051 to 0.115 during the evolutionary stages. However, these values are rather insensitive to the chosen EOS. This shows the increase in the rotational kinetic energy which leads to rise in ellipticity as is evident from Table II . Interestingly, the change in ellipticity is also independent of EOS. Similarly we have calculated the same set of quantities for a star with fixed baryonic mass M B = 2.2 M solar and they are listed in Table III . The results are qualitatively similar to those of baryonic mass M B = 1.8 M solar . These results are consistent with those found in earlier studies [32] .
In Figs. 5 and 6 we explore the universality relations for normalized moment of inertia with HS(DD2), BHBΛ and BHBΛφ EOS corresponding to the four stages of PNS with respect to compactness C. I is normalized to M 3 and MR 2 respectively in the two figures.
Both the figures have three panels indicating three different spin frequencies from left to right i.e. 100, 300 and 500 Hz. We find the normalized I lines are almost independent of the composition of the star corresponding to each PNS stage. But the lines corresponding to different temperature and lepton fraction are distinctly separated. This pattern is seen for both types of normalizations and also for a particular frequency. Therefore, we might attribute this behavior to the combined effects of temperature and lepton fraction.
Next, we try to quantify the deviations by comparing our calculated values ofĪ for a slowly rotating star with the ones we get from the fitting functions and corresponding fitting factors from Breu and Rezzolla [18] . The relation for I/MR 2 vs C is given by,
The values of the constants a 0 , a 1 , a 4 are 0.244, 0.638 and 3.202 respectively [18] . Similarly, the relation for I/M 3 vs C is given by,
The corresponding values forā 1 ,ā 2 ,ā 3 ,ā 4 are taken from Table 2 of Breu and Rezzolla [18] .
We plot our results in Fig. 7 . We find very high deviations (∼ 40 − 50%) particularly for less compact stars at high entropy and lepton rich EOS for both the normalizations. The relation [19] . Although, in our case, we take constant entropy per baryon throughout the star. The deviations can be due to the departure from barotropy introduced as a combined effect of neutrino and thermal pressure. For the M B = 2.2 M solar star, the situation is almost similar. Only difference is that there is a deviation for different EOS in the cold NS stage.
Nevertheless, they remain below ∼ 2%. Thus the conclusion remains the same.
VI. SUMMARY
In the present work, we study the evolutionary stages of a massive PNS containing Λ hyperons. We use the results from Prakash et al. to determine the properties of each of these stage [2] . This is done using EOS within the framework of a RMF model with density for both nucleonic and hyperonic models. We also calculate the mass-radius sequence for static star with those EOS. We find clear effect of temperature on the size of the stars. The hotter the star, the larger is the radius. Although we don't find much difference between the hyperonic stars with and without φ meson, the difference between hyperonic and nucleononly stars is quite visible in this model. We also note that the properties of less compact stars are governed mostly by their temperature and lepton content. Several global properties of PNS are studied using those EOS in both static and maximally rotating configurations for fixed baryon masses 1.8 and 2.2 M solar . We see qualitative similarities for both cases.
Another important finding of our studies is the deviation fromĪ − C universal relations for very hot and neutrino-rich stars. We take a slowly rotating star and measure the deviations for each of the stages. We find that as the star evolves towards the cold catalyzed stage the deviations from universality get smaller and the relations become valid again when the PNS becomes a cold NS. This result is also relevant for studying the remnant of a binary neutron star merger event. In such situation, the matter is also very hot and lepton rich. Therefore, applying any universal relation to make a connection between a quantity measured before merger (e.g. tidal deformability κ T 2 ) and another quantity after merger (e.g. peak frequency f 2 ) requires utmost caution. angular momentum (J), polar to equatorial axis ratio (r p /r eq ) and the rotation parameter (|T /W |). angular momentum (J), polar to equatorial axis ratio (r p /r eq ) and the rotation parameter (|T /W |). 
